Universal Rate-Distortion-Classification Representations for Lossy Compression
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Model:

o Source: X ~ px(x).

o Target labels: Sy,---, Sk ~ ps(sy, -, Sk), where
pX,S(il’J,81,°“ 7SK)’

Lossy Compression: X, Xo,--- |, X, & p(x).

o Encoder: f: X"+ {1,2,---,2"%} maps the source X" to a
message M .

» Decoder: g : {1,2,---,2"} s X" reproduces data X"

Universal Rate-Distortion-Classification

Definition 1. DCR Function

Theoretical Results

Theorem 1. DCR for a Gaussian Source

A source X ~ N (ux, 0% ) and a classification variable S ~ N (g, o%) with Cov(X,S) = 6;.
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Theorem 2. No Rate-Penalty for a Gaussian Source

A source X ~ N (ux, 0% ) and a classification variable S ~ N (g, o%) with Cov(X,S) = 6;.

AO)=0; I(X;Z)= (Dsg>pe@ R(D,C); O CQpzix) =QU(X;Z2)). (4)

Theorem 3. Universality for a General Source

Let X ~ px and S ~ pg with Cov(X,S) = 6,. Define X = E[X|Z] as MMSE estimator.
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Qpzix)C|(D,C): D >E

C cl(Qpz)x)). (9)

D(C, R) = pn}(i& 2[(X — X)?] (1a)
s.t. I(X:X)<R, (1b)
H(S|X)<C. (1c)

Let Q(R) = {(D,C) : R(D,C) < R}.

Definition 2. Universal RDC Function

Let Z be a representation of X by pzx. For each (D, C) €
@, EIpXD,dZ: ":[A(X, XD)C’)] < D and H(S‘XDQ) < C
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where ()(pz1x) = (D, C) : AP, oz 8t

o [deally, A(©) = 0 for each R, meaning a single encoder
sutfices for the entire tradeoft.

Let X p,.c, be optimal reconstruction at (D7, C}) on the conventional RDC trade-off curve,
satistying I(X; Xp, ;) = R(D1,Ch). Then, Q(pg ) satisfies (D' C)y = (D, C)).

Now, consider (D), C?)) e Qpx, . 1x) and (D3, C3) € Q(R):
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+o0% =204 0% — D
b~ 2 2 o —= 3 _I9XTO%, 0 Xp,c,V0 X
Ds—D ZO-X_I_O-XD&% 20_XD3,03J0-%( D1—2D; and 0 > 3 oD, 3

If Wi(px, pXD&CS) =0, i.e., 0% = O'%(D&CS, the distortion gap becomes small under:
D
D;— D" ~0 if Dy~0or D, ~o% and D(;slifDlzag(. (7)
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Experimental Results
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Figure: An illustration of the universal RDC scheme.

o Dataset: MNIST; compression rate: R = d X log,(L).

o Classifier (c) is pre-trained. Training Encoder (f), Decoder (g),
and Discriminator (d) with this loss function:
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(a) The RDC curve under rate R = 4.75. (b) The RDC curves at multiple rates.
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(a) The RDC curve under rate R = 4.75.
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